Abstract: We consider F : M → N a minimal oriented compact real 2n-submanifold M , immersed into a Kähler-Einstein manifold N of complex dimension 2n, and scalar curvature R.
. Moreover,g and J ω are both smooth on these open sets. The tensorg is continuous on all M and locally Lipschitz, for the map P → |P | is Lipschitz in the space of normal operators. Let {X α , Y α } 1≤α≤n be a local g M -orthonormal basis of T p M, that diagonalizes F * ω at p, that is
where cos θ 1 ≥ cos θ 2 ≥ . . . ≥ cos θ n ≥ 0. The angles {θ α } 1≤α≤n are the Kähler angles of F at p. Thus, ∀α, F * ω(X α ) = cos θ α Y α , F * ω(Y α ) = − cos θ α X α and if k ≥ 1, where 2k is the rank of F * ω at p, J ω X α = Y α ∀α ≤ k. The Weyl's perturbation theorem applied to the eigenvalues of the symmetric operator |F * ω| shows that, ordering the cos θ α in the above way, the map p → cosθ α (p) is locally Lipschitz on M, for each α. A complex direction of F is a real two-plane P of T p M such that dF (P ) is a complex line of T F (p) N, i.e., JdF (P ) ⊂ dF (P ). Similarly, P is said to be a Lagrangian direction of F if ω vanishes in dF (P ), that is, JdF (P )⊥dF (P ). The immersion F has no complex directions iff cos θ α < 1 ∀α. M is a complex submanifold iff cosθ α = 1 ∀α, and is a Lagrangian submanifold iff cosθ α = 0 ∀α. We say that F has equal Kähler angles if θ α = θ ∀α. The Kähler angles are some functions that at each point p of M measure the deviation of the tangent plane T p M of M from a complex or a Lagrangian subspace of T F (p) N. This concept was introduced by Chern and Wolfson [Ch-W] for surfaces, namely F * ω = cos θ V ol M . This cos θ may have negative values and is smooth on all M. In our definition, for n = 1, we demanded cos θ ≥ 0, that is, it is the modulus of the cos θ given for surfaces. This may make our cos θ not to be smooth. We have chosen this definition, because in higher dimensions we do not have a preferential orientation assigned to the real planes span{X α , Y α }. Our aim is to find conditions for a minimal submanifold F to be Lagrangian, or M to be a Kähler manifold with respect to J ω and F to be pluriharmonic, by using the Kähler angles. The first result in this direction is due to Wolfson, for the case n = 1: Theorem 1.1 [W] If M is a real compact surface and N is a complex Kähler-Einstein surface with R < 0, anf if F is minimal with no complex points, then F is Lagrangian.
Some results of [S-V] are a generalization of the above theorem to higher dimensions.
In this paper we study the case of equal Kähler angles. Let us denote by ∇ X dF (Y ) = ∇dF (X, Y ) the fundamental form of 
are complex vectors of the complexified tangent space of M at p. We extend to the complexified vector bundles the Riemannian tensor metric g M (sometimes denoted by , ), the curvature tensors of M and N, and any other tensors that will occur, always by l C-multilinearity. On M the Ricci tensor of N can be described by the following expression ([S-V]): for U, V ∈ T F (p) N, 4) where R N denotes the Riemannian curvature tensor of N. An application of Codazzi equation to the above expression proves that, if N is non Ricci-flat, Theorem 1.1 can be generalized to any dimension for totally geodesic maps ([S-V]). We can also obtain the same conclusion to "broadly-pluriminimal" immersions for n = 2, and N
Kähler-Einstein with negative Ricci tensor ([S-V]). We recall de definition of a broadly-pluriminimal submanifold given in [S-V]:
Definition 1.1 F is said to be broadly-pluriminimal if (i) F is minimal (ii) For p ∈ Ω 0 2k , with k ≥ 1, F is pluriharmonic with respect to any g M -orthogonal complex structureJ = J ω ⊕ J ′ on T p M where J ′ is any g M -orthogonal complex structure of K ω at p, that is, (∇dF ) (1,1) = 0.
In (ii), the (1,1)-part of ∇dF is just given by (∇dF ) (1,1) (X, Y ) = 1 2 (∇dF(X, Y ) + ∇dF (JX,JY )) ∀X, Y ∈ T p M.
If K ω = 0, (ii) means that F is pluriharmonic with respect to the almost complex structure J ω (see for example [O-V] ). In this case, we say that F is pluriminimal in the usual sense, or simply pluriminimal. Pluriharmonic immersions are obviously minimal. If F has equal Kähler angles, then only Ω 0 2n is considered, where K ω = 0, andJ = J ω . Products of minimal real surfaces of Kähler surfaces, totally geodesic submanifolds, minimal Lagrangian submanifolds, and complex submanifolds are examples of broadly-pluriminimal submanifolds.
For a minimal immersion F with no complex directions we consider the locally Lipschitz map
This map is smooth on each Ω 0 2k , non-negative, and vanishes at a point p iff cos θ α (p) = 0 ∀α. In [S-V] we have given an expression for △κ at a point p 0 ∈ Ω 0 2k , which we prove in the appendix of this paper, namely,
where 
(1.7)
We will see in sections 2 and 3 that the concept of pluriminimality may have a geometric interpretation in terms of the torsion of a new Riemannian connection on T M, described through a morphism Φ from the tangent bundle of M into the normal bundle. If F has equal Kähler angles, then the expression of △κ given in (1.6) can be substantially simplified. Minimal surfaces with constant curvature and constant Kähler angle in complex space forms have been classified in [O] . Conditions on the curvature of M, N, and/or constant equal Kähler angles lead to some conclusions in our case as well, as we show in the theorems below. Henceforth, we assume N is Kähler-Einstein. The expression for △κ in the case of pluriminimal, or minimal with equal Kähler angles, is fundamental to obtain the results of this paper and of [S-V] . In section 4 we prove our main results, namely: (ii) If n ≥ 3, R < 0, and F has no complex points, then F is Lagrangian.
(iii) If n ≥ 3, R = 0, and F has no complex points, then the common Kähler angle must be constant.
The conclusions in (i) and (ii) give a generalization of Theorem 1.1 of Wolfson [W] 
(iii) R = 0 and cos θ = constant = 0, 1, J ω is a complex integrable structure, with
If n = 4 and R ≤ 0, and F has no complex points, then either (ii) or (iii) holds. For any n ≥ 1, any R, and constant equal Kähler angle, (i), (ii) or (iii) hold as well.
We can also say something when R > 0: , F is a Lagrangian submanifold, which in the case n = 2 is homeomorphic to a sphere.
In sections 2 and 3, given an immersion F without complex points, we define a natural isomorphism Φ from the tangent bundle T M onto the normal bundle NM. By taking on T M the connection ∇ ′ which makes Φ parallel, we conclude that, if F has equal Kähler angles, then ∇ ′ has no torsion iff F is broadly-pluriminimal, i.e., F is Lagrangian or pluriminimal. Pluriminimal immersions with equal Kähler angles that are not complex submanifolds have constant Kähler angles, and only exist on Ricci-flat Kähler manifolds. We could forsee this from [S-V].
The morphism Φ
We consider the following morphism of vector bundles
Both T M and NM are real vector bundles of the same dimension 2n. F has no complex directions iff Φ is an isomorphism. In fact Φ(X) = 0, iff JdF (X) = dF (Y ) for some 
The connections ∇and∇have no torsion, because they are Levi-Civita, but ∇ ′ may have non-zero torsion T ′ . Since both∇ and ∇ ′ are Riemannian connections of T M for the same Riemannian metricĝ, then T
, that is, Φ is parallel, and so ∇ ′ = ∇, as well.
In the next section (Corollary 3.2), we will see a converse of this.
Therefore, using the symmetry of the ∇dF and the fact that ∇ is torsionless,
The lemma follows now imediately. 2
For each U ∈ NM p , let us denote by 
Remark If we call ω N M the restriction of the Kähler form ω to the normal bundle NM,
)} is a diagonalizing g-orthonormal basis of ω N M . Moreover, NM has the same Kähler angles as F . Let J N M denote the complex structure on NM defined by this basis, that is, the one that comes from the polar decomposition of ω N M . Then, ΦJ ω = −J N M Φ.
We should also remark the following: 
which proves the symmetry of (X, 
It also follows that cos θ α remains constant along geodesics, so it is constant, and J ω (X α ) = Y α on a neighbourhood of p 0 , with ∇J ω = 0 at p 0 , and so
Immersions with equal Kähler angles
If F has equal Kähler angles, then
with cos θ a locally Lipschitz map on M, smooth on the open set where it does not vanish, and Ω 0 2k = ∅ ∀k = 0, n. Note that sin 2 θ and cos 2 θ are smooth on all M. The set L = cos θ −1 ({0}) is the set of Lagrangian points, for, at these points, the tangent space of M is a Lagrangian subspace of the tangent space of N. Similarly, we say that
Since the Kähler angles are equal, any local orthonormal frame of the type {X α , Y α = J ω X α } diagonalizes F * ω on the whole set where it is defined. We observe that, since
with J ω orthogonal to ∇ X J ω with respect to the Hilbert-Schmidt inner product (because
Then, ∇F * ω = 0 iff ∇J ω = 0 and θ is constant. Note that ∇F * ω 2 , considering F * ω an operator on T M is twice the square norm when considering
We define the right-hand side of (3.2) to be zero at a Lagrangian point. Consequentely
Proposition 3.1 If F is an immersion with equal Kähler angles and without complex points, then
We extend Φ : T M c → NM c to the complexified spaces by l C-linearity. Then, Re(u+iv) = u, for u, v ∈ NM.
Proposition 3.2 If F is any immersion with equal Kähler angles, then, outside complex and Lagrangian points,
where ∇ log sin 2 θ is the gradient with respect to g M .
Since {Φ(β), Φ(β) = Φ(β)} 1≤β≤n multiplied by 
Note that (3.3) is a sort of symmetry property (we may commute µ with β and sum over µ), and the first term is just n 2 g(H, JdF (β)), where H = 1 2n
is the mean curvature of F .
Theorem 3.1 If n ≥ 2 and F is a pluriminimal immersion with equal Kähler angles then
, and N must be Ricci-flat. In particular, Φ defines a parallel homothetic isomorphism from
Proof. On a neighbourhood of a non-complex point, from Proposition 3.1,∇ = ∇ ′ , and from Corollary 3.1, cos θ is constant. Then∇ = ∇ ′ , as well. So if F is not a complex submanifold, it has no complex points anywhere. Finally, (1.7) for pluriminimal immersions with κ = constant gives R = 0.
2
The above theorem and Proposition 3.1 lead to:
Corollary 3.2 If F is a minimal immersion with equal Kähler angles without complex points, n ≥ 2, and R = 0, then F is Lagrangian iff Φ is parallel.
Remark. If n ≥ 2 and F is a pluriminimal immersion with equal Kähler angles into a Kähler-Einstein manifold N, then N must be Ricci-flat. Moreover, since F has constant equal Kähler angles, the scalar isotropic curvature of M with respect to the maximal isotropic subspace defined by Z 1 , . . . , Z n will be ≤ 0, with equality to zero iff (M,
Kähler ( To prove proposition 3.2 we will need to relate the three connections of M, ∇,∇and ∇ ′ . Let {e 1 , . . . , e 2n } = {X µ , Y µ = J ω X µ } 1≤µ≤n be a local g M -orthonormal frame outside the Lagrangian and complex set, and ∂ 1 , . . . , ∂ 2n a local frame of M defined by a coordinate chart. Set
2 θg ij , and e s = i λ si ∂ i . The Christofel symbols are given by
Therefore,
Proof. We may assume that the local referencial ∂ i isĝ-orthonormal at a fixed poit p 0 . On a neighbourhood of p 0 , we define Γ
′ is a Riemannian connection with respect toĝ. Then
We may assume that, at p 0 ,
, leading to the Lemma.
Proof of Proposition 3.2 Following the proof of Lemma 2.1,
Using Lemma 3.1 and (3.2), and Φ(µ) = JdF (µ) − i cos θdF (µ), we have
Writing (JH) ⊥ in terms of Φ(β) and Φ(β),
and substituing these equations into (3.6), we prove Proposition 3.2. 2
The Weitzenböck formula of F * ω
For simplicity let us use the notation
We also observe that, from
valid on an open set, and from (2.4), we obtain ∀µ
(3.9) 
(ii) For n = 2, δF
Proof. Considering F * ω a 2-form on M, and using the symmetry of ∇dF , if X ∈ T p M,
Since F * ω is of type (1,1), and ∀Z ∈ T c p M, ∀µ, β, ∇ Z β, µ = − β, ∇ Z µ , we get using
(3.11)
Now we compute µ ∇μJ ω (µ). Note that, since
Hence,
It follows that, if we consider F * ω an endomorphism of T M, and since , , J ω , and F * ω are real operators, δF * ω = −nJ ω (∇ cos θ) + 2 cos θ δJ ω .
(3.12)
On the other hand, F * ω = cos θJ ω . Then, an elementary computation gives
Comparing (3.12) with (3.13) we get the Proposition. 2
Remark. One may check the equation in Proposition 3.2 by using the equalities given in the above Proposition and its proof.
If we apply the Weitzenböck formula to the 2-form F * ω, for an immersion
14)
where , denotes the Hilbert-Schmidt inner product for 2-forms, and S is the Ricci operator of 2 T * M. We note that we use the the sign convention △φ = +T race g M Hess φ, 
It is straightforward to prove
In particular,
, with equality to zero iff K = 0 or F has equal Kähler angles.
Remark. If F * ω is parallel, from (3.15), we obtain that SF * ω, F * ω = 0. Hence, if n ≥ 2 and M has constant sectional curvature, then, from (ii), either F is Lagrangian, or K = 0.
We recall the concept of non-negative isotropic sectional curvature, for M with dimension ≥ 4, defined by Micallef and Moore in [Mi-Mo] . Let y, u, v) , which we extend to the complexified tangent space by l C-multilinearity. The curvature of M is said to be non-negative (resp. positive) on totally isotropic two-planes at p, if K(σ) ≥ 0 (resp. > 0) whenever σ ⊂ T c p M is a totally isotropic two-plane over p. If M is compact, simply connected and has positive isotropic sectional curvature everywhere, then M is homeomorphic to a sphere ([Mi-Mo]). If n ≥ 1, T 2n is the flat torus, and S 2 is the euclidean sphere of
is any orthonormal basis of T p M, and "µ" denotes Z µ as in (1.3), the expression
is a hermitian trace of the curvature of M restricted to the maximal isotropic subspace span l C {Z 1 , . . . , Z n } of T c M. To require it to be ≥ 0, for all maximal isotropic subspacesand we will say that M has non-negative isotropic scalar curvature -seems to be strictly weaker than to have non-negative isotropic sectional curvature. Also note that any other metric conformaly equivalent metric to the flat metric g 0 on the 2n-torus with non-negative isotropic scalar curvature is homothetically equivalent to g 0 , hence flat.
Recall that, for an immersion with equal Kähler angles, on open sets it is not Lagrangian, F * ω is parallel iff θ is constant and (M, J ω , g M ) is a Kähler manifold. We are going to see that an extra condition on the scalar isotropic curvature of M may imply itself that the Kähler angle is constant and/or ∇J ω = 0. From Proposition 3.3, for any n ≥ 1, on Ω 0 2n
In particular, if n = 2, ∇ cos θ 2 is smooth on all M, and from (3.1) we get that cos 2 θ ∇J ω 2 is also smooth. Observe that δF * ω 2 has the same value considering δF * ω a vector or as a 1-form, but considering F * ω a 2-form (as in (3.14)) ∇F * ω 2 is half of the square norm when considering F * ω an operator of T M (as in (3.1)). For n = 2, F * ω is co-closed, and so it is a harmonic 2-form. In fact, since F has equal Kähler angles,
, and so * F * ω = ±F * ω, where the ± sign depends on the orientation of the diagonalizing basis. In particular, F * ω is co-closed. Integrating (3.14)
on M, using (3.16) and (3.1), and the fact that M △F * ω,
Note that the first integrand is smooth on M, for all n ( for n = 2 if gives half of (3.1)). For n=1, (3.17) gives 0=0. Note that, for n = 2 or 3, n − (n − 2) 2 > 0, for n = 4, n − (n − 2) 2 = 0, and for n ≥ 5, n − (n − 2) 2 < 0. Then we conclude, for F non-
. Summarizing we have 
Proposition 3.4 Let F be a non-Lagrangian immersion with equal Kähler angles of a compact orientable M with non-negative isotropic scalar curvature into a Kähler manifold
with equality iff F is pluriminimal. So, if ρ,µ R M (µ, ρ,μ,ρ) ≥ 0 and K ≤ 0, then either F is a complex submanifold or N is flat, and, in both cases, F is pluriminimal with respect to J ω . On the other hand,
where R = (2n+1)K, may hold for K < 0 and n = 2 or 1, or for K > 0 and any n ≥ 3. In that case, ρ,µ ∇dF (µ,ρ) 2 ≤ n(2n−5) 16 sin 2 θK. The conditions on Theorem 1.5 implies that (3.18) holds. Thus, if N has constant holomorphic sectional curvature K > 0, n = 2 is not possible.
Minimal immersions with equal Kähler angles
Let us assume that F : M → N is minimal with equal Kähler angles and no complex points. On a open set where a orthonormal frame {X α , Y α = J ω (X α )} is defined, we have from (3.11) and (2.4), for any p, Z ∈ T p M and µ, γ,
From (3.8), for each µ,
From (1.6) 
where, Re(g β µμ gβµμ)
On the other hand, Proposition 3.2 and minimality of F gives,
Consequently,
Using (3.9),
(4.9)
Thus we see that (4.6) = 
(4.10)
Note that if n = 1 we get the expression of Wolfson [W] , △κ = −2R cos θ. (ii) If n ≥ 3 and F has no complex points,
Proof. Multiplying (4.10) by sin 2 θ cos θ, we get, on M ∼ C ∪ L,
On the other hand, on M ∼ C ∪ L △κ = △(n log 1 + cos θ 1 − cos θ
and so 2n cos θ△ cos θ + 4n cos 2 θ sin 2 θ ∇ cos θ 2 = (4.13)
Recall that, from (3.1), and considering F * ω a 2-form, ∇F * ω 2 = 1 2 cos 2 θ ∇J ω 2 + n ∇ cos θ 2 . Since △ cos 2 θ = 2 cos θ△ cos θ + 2 ∇ cos θ 2 , substituting this into (4.13), and using Lemma 3.2 (i), we have (4.14) and, for n = 2, n△ cos 2 θ = −2n sin 2 θ cos 2 θR + 2 SF * ω, F * ω + 2 ∇F * ω 2 .
(4.15)
Let us now suppose that n ≥ 3. Then, under the condition of no complex points, (4.14) is valied on Ω 0 2n and also on Ω 0 0 . From smoothness over all M of all maps into consideration (the first three terms of the right-hand side of (4.14) are smooth, and the last term is also smooth for n = 2), and the fact that the set M ∼ (Ω 0 0 ∪ Ω 2n 0 ) is a set of Lagrangian points with no interior, formula (4.14) is valid on all M. Integrating over M, and using (3.17), we have
leading to (4.12). If n = 2, we see that (4.15) is also valid at Lagrangian and complex points. In fact (see Lemma 3.2(i) and (3.1)), all terms of (4.15) vanish at interior points of the Lagrangian and complex sets. Since they are smooth on all M, they must vanish at boundary points of its complementary in M. Thus, the above equation is valid on all M, with or without complex or Lagrangian points, and all its terms are smooth. Then, (4.11) follows by integration on M, and (3.17). 2
Proof of Theorem 1.2. and Theorem 1.3 If n = 2, (4.11) implies sin 2 θ cos 2 θ = 0. Hence F is either Lagrangian or a complex submanifold. If n ≥ 3, the right-hand side of (4.12) is non-negative, while the left-hand side is non-positive for R < 0. Then, sin 2 θ cos 2 θ = 0 must hold on all M, that is, F is Lagrangian. If R = 0, the right-hand side of (4.12) must vanish. Then, for n ≥ 3, cos θ must be constant, and we have proved Theorem 1.2. If cos θ is constant, and if F is not a complex submanifold, the right-hand side of (4.12) vanishes. Hence, if R = 0, F is Lagrangian, and Theorem 1.3 is proved.
We note the following lemma (ii) ∇βµ, γ = 0 , ∀β, µ, γ.
Proof. Since cos θ is constant, we obtain (4.3) = 0. This, together (4.2), and the symmetry of ∇dF , proves (i). But (i) and (4.1) implys (ii). Now we prove (iii). From Corollary
.
Note that, for any immersion with equal Kähler angles, β,µ ∇ µ dF (β) , J∇μdF (β) = 0.
In fact, using the basis {Φ(ρ), Φ(ρ)} of the normal bundle,
Using the minimality of F ,
(4.20)
The curvature term on R N vanishes, as we saw in the beginning of this section. The first term of (4.19) cancels against the last term of (4.19), by commuting β with ρ in the last one. The last two terms of (4.20) also cancel, by commuting µ with ρ in the second term . The second and third term of (4.17) are zero, because they are the product of a skew-symmetric map on β, ρ with a symmetric one. Consequently,
Proof of Theorem 1.4. If M is not Lagrangian, under the curvature condition on M, by Proposition 3.4, for n = 2, or 3, (M, J ω , g M ) is a Kähler manifold and cos θ is constant. So, if M is not a complex submanifold, it has no complex directions, and by (4.11), or (4.12), R = 0. If n = 4, by Proposition 3.4, F is either a Lagrangian submanifold, or
Kähler. If M has no complex directions, we take a maximum point p 0 of κ, which is also a maximun point of cos θ, and if F is not Lagrangian, then p 0 lies in Ω 0 2n . So, at that point ∇ cos θ 2 = 0, ∇J ω = 0, and R M (µ, β,μ,β) = 0. From (4.10) and maximum principle we have R = 0. If this is not the case, then F is Lagrangian. If R = 0, (4.12) implies θ is constant. In general, if n ≥ 1 and θ is constant, Proposition 3.4 also applies.
This theorem can be applied, for instance, to flat minimal tori on Calabi-Yau manifolds.
Proof of Theorem 1.5. If n = 2, by Theorem 1.2(i), F is Lagrangian. If n ≥ 3, we take p 0 a maximum point of κ, or equivalently, a maximum of cos θ. If F were not Lagrangian, cos θ(p 0 ) > 0. But from (4.10) and the curvature conditions, we get △κ(p 0 ) > 0, contradicting the maximum principle.
Example. Let (N, I, J, g) be an hyper-Kähler manifold of real dimension 8. Thus, I and J are two g-orthogonal complex structures on N , such that IJ = −JI and ∇I = ∇J = 0, where ∇ is the Levi-Civita connection relative to g. It is known that such manifolds are Ricci-flat ( [B] ). Set K = IJ. For each ν, ρ, we take "νφ" = (cos ν, sin ν cos φ, sin ν sin φ) ∈ S 2 , and define J νφ = cos νI + sin ν cos φJ + sin ν sin φK. J νφ are the complex structures on N compatible with its hyper-Kähler structure, that is, they are g-orthogonal and
If E is a 4-dimensional vector sub-space of T p N, then E = H X for some X ∈ E, iff J νφ (E) ⊂ E for any ν, φ. Let ω νφ be the Kähler form of (N, J νφ , g).
is a minimal submanifold of (N, I, g) with constant equal Kähler angles ν or ν + π and ±J νφ , is also the complex structure of M which comes from polar decomposition of ω I restricted to M, where ω I is the Kähler form of (N, I, g). In fact, such a orthonormal basis of T p M diagonalizes ω I restricted to M. As a corollary of Theorem 1.4, we have Proof. From the first assumption, dim(T p M ∩ H X ) ≥ 2, we may take Z⊥X in T p M ∩ H X . Then, Z = J νφ (X) for some νφ. Thus, span{X, J νφ (X)} ⊂ T p M. This implies F * ω νφ (X, J νφ (X)) = 1. As the Kähler angles are equal, cos θ νφ = 1 at p. Applying Theorem 1.4 to F : M → (N, J νφ , g), F * ω νφ = cos θ νφ J ω νφ with cos θ νφ constant. Then cos θ νφ = 1 everywhere. That is, M is a J νφ -complex submanifold. Moreover, from the second assumption,
* ω I , and using this basis we see that F * ω I = cos νJ νφ . This means that ν or ν +π is the constant Kähler angle of F : M → (N, I, g), and, since M is a J νφ -complex submanifold, it is pluriharmonic with respect to ±J νφ , and so it is pluriminimal as an immersion in (N, I, g). 2
5 Appendix: The computation of △κ
We prove (1.6) for F minimal and outside complex points. First, we compute some derivative formulas of a determinant, which we will need. 
In particular, if e 1 , . . . , e r is an orthonormal basis of
On each Ω 0 2k , the complex structure J ω and the sub-vector bundle
, there exists a locally g M -orthonormal frame of K ⊥ ω defined on a neighbourhood of p 0 , of the form X 1 , J ω X 1 , . . . , X k , J ω X k . We enlarge this frame to a g M -orthonormal local frame on M, on a neighbourhood of p 0 :
where X k+1 , Y k+1 , . . . X n , Y n is any g M -orthonormal frame of K ω = K(F * ω), and which at p 0 is a diagonalizing basis of F * ω. Note that in general it is not possible to get smooth diagonalizing g M -orthonormal frames in a whole neighbourhood of a point p 0 , unless , for instance, F * ω has equal Kähler angles. We use the notations in section 3.1. We define a local complex structure on a neighbourhood of p 0 ∈ Ω 0 2k asJ = J ω ⊕ J ′ , where J ω is defined only on K ⊥ ω , and J ′ is the local complex structure on K ω , defined on a neighbour-
3) and Z α is of type (1,0) with respect toJ, for ∀α. We have for all A ∈ {1,1, . . . , n,n} and
, whereg is given in (1.1), and defineB = B. Then ∀1 ≤ α, β ≤ n, and B ∈ {1, . . . , n} ∪ {k + 1, . . . ,n},
At a point p 0 , with Kähler angles θ α , g M ±g is represented by the matrix
If p 0 is a point without complex directions, cos θ α = 1, ∀α ∈ {1, . . . , n}, theng < g M . Thus, on a neighbourwood of p 0 , we may consider the map κ.
. 
Proof. Using the unitary basis { √ 2α, √ 2ᾱ} of T p M, for p near p 0 , g M +g is represented by the matrix
that at p 0 is the diagonal matrix D(1±cos θ 1 , . . . , 1±cos θ n , 1±cos θ 1 , . . . , 1±cos θ n ). The lemma follows as a simple application of lemma 5.1, and noting thatg µρ =gρ µ . 2
From the above lemma and
We use the notation of section 3.1. Recall (2.4) and using (5.5), we obtain
In particular, at p 0 
Proof. From Lemma 5.3, for p in a neighbourhood of p 0
Then at p 0
The term (5.11) vanish because ∇ β µ,μ = − µ, ∇ βμ on a neighbourhood of p 0 . Mini-
Using Bianchi identity,
+iR N (dF (β), dF (μ), dF (β), JdF (µ)) = iR N (dF (β), dF (β), dF (µ), JdF (μ)) + 2Im(R N (dF (β), dF (µ), dF (β), JdF (μ))), and by Gauss equation, and minimality of F , − g(∇ β dF (µ), ∇βdF (μ)) − g(∇ β dF (μ), ∇ µ dF (β)).
Note that R N (dF (β), dF (µ), dF (β), dF (μ)) = Im(iR N (dF (β), dF (µ), dF (β), dF (μ))), since it is real. Therefore, These expressions lead to the expression of the lemma. −128(cos θ µ +cos θ ρ ) sin 2 θ µ sin 2 θ ρ Re(g β µρgβρμ).
From (1.4) and J-invariance of Ricci, (5.43) = 8i β Ricci N (JdF (β), dF (β)), and the expression of the Proposition follows.
